This paper investigates the existence of an equilibrium point in multiterminal HVdc grids, assesses its uniqueness, and defines conditions to ensure its stability. An offshore multiterminal HVdc system including two wind farms is selected as an application test case. At first, a generalized dynamic model of the network is proposed, using multigraph theory. Such model captures the frequency dependence of transmission lines and cables; it is nonlinear due to the constant power behavior of the converter terminals using droop regulation, and presents a suitable degree of simplifications of the modular multilevel converters, under given conditions, to allow system level studies over potentially large networks. Based on this model, the existence and uniqueness of the equilibrium point are demonstrated by returning the analysis to a load-flow problem and using the Banach fixed point theorem. Additionally, the stability of the equilibrium is analyzed by obtaining a Lyapunov function by the Krasovskii's theorem. Computational results obtained for the selected four-terminal HVdc grid corroborate the requirement for the existence and stability of the equilibrium point. Index Terms-Offshore wind energy, HVdc, multiterminal HVdc systems, transient stability, equilibrium point, dynamic systems.
I. INTRODUCTION
T HE increasing penetration of renewable energy in the traditional power system and particularly the massive integration of offshore wind farms, whose installed capacity exceeded 18 GW in 2017, will call for the future deployment of multiterminal HVDC (MT-HVDC) grids. MT-HVDC increase the efficiency of the power transfer over long distances compared to HVAC solutions and the reliability of the power supply compared to point-to-point interconnections. Moreover, the use of the Voltage Source Converter (VSC) technology, with independent control of active and reactive power at the AC terminals is considered and advantage to support weak power systems [1] . Manuscript A. Garces is with the Department of Electric Power Engineering, Universidad Tecnológica de Pereira, Pereira 660003, Columbia (e-mail:, alejandro. garces@utp.edu.co).
Color versions of one or more of the figures in this paper are available online at http://ieeexplore.ieee.org.
Digital Object Identifier 10.1109/TPWRS. 2018.2889516 The deployment of large interconnected HVDC grids requires specific power system analyses, similar to those traditionally applied to AC power systems, which however need to be adapted to describe the specific components and operation of MT-HVDC grids.
Classic stability analysis in power systems requires three main steps: modelling, load flow calculation and dynamic analysis. In the first step, the grid is modelled in order to capture the main dynamics of the real system. Typically, an accurate yet simplified model is required to reduce the computational complexity, particularly in the case of large and complex systems. In the second step, a load flow analysis is performed in order to obtain the equilibrium point. Numerical algorithms are required in this step due to the non-linear nature of the equations. Finally, the dynamic analysis is performed around the equilibrium point. It is important to highlight that normally the existence of the equilibrium point and convergence of the numerical algorithm are taken for granted, despite the non-linear nature of the problem. This paper addresses this aspect by identifying exact conditions for the existence and uniqueness of the solution.
The related problem of existence of the equilibrium in electric systems including constant power loads has been previously studied mostly in dc microgrids and distribution level grid applications [2] - [4] . The equilibrium existence was ensured upon compliance with a certain inequality condition for an electric grid with constant power load terminals in [3] . But, in such paper the necessary and sufficient condition for existence of the equilibrium was restricted to the presence of a single constant power load. The approach was extended to multiple constant power loads in [5] . However, the formulation did not consider power generating terminals. In [4] the stability and power flow of dc microgrids were analyzed considering a worstcase scenario. Such contributions focus on the stability for microgrids, and the same approach can be extended to the study of MT-HVDC systems, where, not only constant power loads, but also constant power generators and droop-controlled units are present.
Linearized models that are used for stability assessment in MT-HVDC grids have been specifically addressed in the literature (e.g. [6] ), also including the effect of droop controllers [7] ). Transient stability studies based on extensive numerical simulations have also been proposed for MT-HVDC systems [8] , as well as power flow analyses (e. g. [9] ). Despite being debated for a long time, the latter still represents an open research subject, as proved, for example, by [10] and [11] . However, to the authors' knowledge, all the studies on MT-HVDC grids presented so far take the existence of an equilibrium point for granted without a formal demonstration. This paper aims at filling this gap, by proposing a method to assess the existence of an equilibrium point in an MT-HVDC network, exploiting the analogy with the power flow convergence problem. The equilibrium is represented by a set of non-linear algebraic functions that require successive approximations method for their solution. The Banach fixed point theorem is used in order to guarantee convergence of the power flow and uniqueness of the solution. The stability study of the equilibrium point is also presented with the evaluation of a Lyapunov function obtained by the Krasovskii's method [12] , [13] . The paper represents a significant extension of the contributions included in [14] , [15] , including a grid representation based on graph theory, which includes the frequency dependence of transmission line/cable models. Additionally, it presents a model of the Modular Multilevel Converter (MMC) together with conditions for its simplification which are validated by time domain simulations. The paper also includes a procedure to find the Lyapunov function with the Krasovskii's method based on the solution of a linear matrix inequality problem.
The rest of the paper is organized as follows: in Section II the dynamic model of the MT-HVDC is presented with an accurate model of the HVDC cable. Next, in Section III, the equilibrium point of the grid is studied. After that, the stability of the grid is analyzed by using the classic Lyapunov theorem and Krasovskii's method in Section IV. Finally, numerical results are presented in Section V, followed by conclusions in Section VI.
II. DYNAMIC MODEL
This section presents models of the main components of an MT-HVDC grid i.e. a model of the converter used in the terminals and the model of cables or lines based on multiple-branches π model.
A. Conditions for the Use of an Approximated Model for the MMC
The modular multilevel converter is the most promising converter technology for MT-HVDC system in offshore applications. For the purpose of power system studies, its dynamic is described by the continuous model presented in [16] - [18] . It is a common procedure in power systems analysis to approximate the fast transient behaviour of the power electronic converters to an active power injection model as presented in [19] - [22] . This approximation is based on the reasonable assumption that the converters are tightly-regulated, the harmonic distortion is negligible, dc faults are outside the scope of the analysis, the transient response is typically in the range of few milliseconds, losses can be neglected and a generic model can be used to represent the dynamics. The emergence of new converter topologies, such as the MMC that quickly became the dominant converter in HVDC applications, opened new questions in terms of model suitability for large power system studies. In particular, the extremely high number of internal state variables demands for a proper verification that the level of simplification introduced by the converter modeling does not affect the reliability of the results obtained. In particular, the control strategy presented in appendix A allows the MMC to act as an active power injection system. It is important to notice that the internal MMC energy is kept constant to control it as an active power source.
Therefore, under the assumption that there is a tight regulation of the MMC, the converter model for the network is reduced to (1) .
where, i pj is the DC current at the power injection nodes, τ is the time constant that approximates the current controllers effect, i ref is the input reference of the converter. The validity of the simplified assumption will be verified in the simulations, where the outcomes of the theoretical analysis obtained using the simplified MMC model of (1) will be validated against the results of a time domain simulations performed using full dynamic model of the MMC converters.
B. Model of the Grid
Let us consider an MT-HVDC grid represented by the terminals N = {1, 2, . . . , N}. Each terminal has a converter with either constant voltage control or constant power with voltage droop control; this is represented by non-empty disjoint sets V and P such that N = {V, P}. Each transmission cable is characterized by the model depicted in Fig 1 , which according to [23] , is an accurate frequency dependent model of an HVDC cable/line. The model could have several parallel RL elements ( Fig. 1 depicts a model with only 3 RL branches) and the parallel elements for the capacitance and conductance C s and G ci , respectively.
Let us consider B as the set of the RL sub-branches of each HVDC cable/line. Therefore, the grid can be represented by a uniform multigraph 1 HG = {N , E} [24] . Where E ⊆ (N × N ) × B is the set of multiple edges and each one has |B| branches 2 as depicted in Fig 2. Let us define the branch-to-node oriented incidence matrix A = [A V , A P ] ∈ R |E|×|N | as a matrix with a ij = 1 if there is a set of multiple edges connecting the nodes i and j in the direction ij, a ij = −1 if there is a set of multiple edges connecting the nodes i and j in the direction ji, and a ij = 0 if there is not hyper-edge between i and j. The current in each RL sub-branch requires a triple-sub index which represents the sending node, the receiving node and the sub-branch itself.
Define 1 B as an all-ones vector of size |B| × 1. Therefore, the currents and voltages are given by
where ⊗ represents the Kronecker product, V V ∈ R |V| is the voltage of the voltage controlled terminals, a value given by the tertiary control, V P ∈ R |P| is the voltage of the power terminals,
are the currents in each HVDC cable/line, defined as I E = (I T E1 , . . . , I T EB ) T ; the sub-indices represent the sub-branch of the multiple edges.
Assuming the converter can be modeled as the active power injection model using the first order system (1) as shown in Fig. 3 , it is possible to write the complete network with the equations (5)- (7) .
where, I c ∈ R |P| is the converter current vector and τ ∈ R |P|×|P| is a diagonal matrix that represents the time constant approximation of the converter current response. C ∈ R |P|×|P| is the matrix of the parallel capacitors of the converters and the cable model, G c ∈ R |P|×|P| is a diagonal matrix that contains the shunt conductance of the cable model. L ∈ R |E||B|×|E||B| is the matrix of the inductive parameters of the hyper-edge, it contains the sub-matrices of inductive values per branch, and being described as:
both, L and R are diagonal and positive definite. Furthermore, H(V P ) is a vector function that represents the current on the power terminals as function of its voltage V P and the diagonal matrix droop control gain K P ∈ R |P|×|P| , i.e.,
with
and P ref and V ref the vectors of power and voltage references given by the tertiary control. It is assumed that all values are given in per unit. Let us define the state variables x = (I T E , I T c , V T P ) T then, the non-linear dynamic system that represents the MT-HVDC grid takes the following form
where, I P×P ∈ R |P|×|P| is the identity matrix.
III. OPERATING POINT
Before analyzing the stability of the non-linear system (12) , it is important to establish conditions for the existence of an equilibrium point x 0 .
Lemma 1 (operating point):
An MT-HVDC network represented as (12) , admits an equilibrium point x 0 with the following representation:
Proof: Since it is the equilibrium point, set equal to zero the derivative of x in (12) and simplify the resulting equations.
Remark 1: Notice that the operating point does not depend on the inductances or capacitances of the grid, then, finding the equilibrium point entails the same problem as the power flow.
Lemma 2: The equilibrium point can be completely characterized by a given value of V P Proof: First, notice that I c = H(V P ) where H is continuous for all V P = 0. Moreover, R is non singular if the graph is connected, and hence, I E can be calculated as
therefore we can obtain the equilibrium point from a point V P as
As consequence of this lemma, the equilibrium point can be completely defined by a V P that fulfills the following:
we can simplify this equation as follows (13) is a non-linear algebraic system which allows multiple roots. However, only the roots inside a ball B 0 = {V P : |v k − 1| ≤ δ} have a physical meaning, where v k can deviate from the nominal voltage of a limited amount δ. Now, we define conditions for the existence of this root: Proposition 1: Equation (13) admits a root V P if there exist a δ > 0 and an α < 1 such that
this root is unique inside the ball B 0 = {V P : |v k − 1| ≤ δ} and can be obtained by the successive approximation method.
Proof: Define a map T :
that Φ P is positive definite and therefore this map is well defined for all V P = 0. Evidently, (13) is equivalent to V P = T (V P ) which defines a fixed point. Now consider two points V P , U P ∈ B 0 , then we have that
where · is any submultiplicative norm; now, by using the mean value theorem we can conclude that
in this case, we have that
By using the Banach fixed point theorem [25] we conclude that if α < 1, then T is a contraction map and there exists a unique fixed point in B 0 which can be easily calculated by the method of successive approximations.
The successive approximation is just the use of a Picard iteration starting from any point V ∈ B 0 (in this case, v k = 1 p.u. as usual in power flow applications):
where, iter is the iteration number.
Remark 2: Notice that Proposition 1 does not only guarantee the existence of the equilibrium, but also its uniqueness. In addition, it gives a numerical methodology to find it.
IV. STABILITY ANALYSIS
After finding the equilibrium point our next step is to obtain stability conditions for the MT-HVDC grid by using the Lyapunov theory. In order to simplify our analysis let us define the following:
Definition 1 (Incremental model): The incremental model for a MT-HVDC grid is given bẏ
where, z = x − x 0 (with x 0 the equilibrium point),
where, the sub-indices represent the dimension of the matrices. The function H(z V P ) with the incremental voltage variable z V P is described in (17) .
Let us analyze the stability of this incremental model by using the Lyapunov theory.
Theorem 1 (Lyapunov): Let E be an open subset of R n containing x 0 . Suppose that f ∈ C 1 (E) and that f (x 0 ) = 0. Suppose further that there exists a real value function W ∈ C 1 
Proof: See [26] The function W in Theorem 1 is called Lyapunov function. There is not a general method to obtain this type of functions. Here, we find Lyapunov function candidate with the Krasovskii's method [13] in which W (z) =ż T Q(z)ż.
Lemma 3: Consider the systemż = f (z) with f(0) = 0. Assume that f (z) is continuously differentiable and its Jacobian is [∂f /∂z], the Lyapunov function can be differentiated to givė
If Q is a constant symmetric, positive definite matrix anḋ W (z) ≤ 0, then the zero solution z ≡ 0 is a unique asymptotically stable equilibrium with Lyapunov function W (z).
Proof: See [27]
A. Stability for the MT-HVDC system Lemma 4: The equilibrium of the MT-HVDC network described by (5), (6) and (7) is asymptotically stable if there exist a matrix Ψ 0, where represents the Löwner partial order on negative semidefinite matrices.
Proof: In order to apply the Lyapunov theorem with the Krasovskii's method to study the stability of the system, the operating point is shifted to the origin as in Definition 1. The model is the same as for (15) with M , Φ and h(z) as in (12) and (16) .
The Jacobian for the system is given by:
where, the Jacobian matrix ∂H(z V P )/∂z V P is a diagonal matrix described in (19) ;
The constant, symmetric, positive definite matrix Q ∈ R (|B||E|+2|P|)×(|B||E|+2|P|) can be calculated by solving the following linear matrix inequality (LMI): where the subindex j = 1, 2, . . . , r is a set of boundary points of the ball B 0 = {z v P ∈ R |P| : z v P ≤ δ a } (evidently z = 0 is inside this set), with radio δ a . The linear matrix inequality is feasible if and only if the Jacobian (∂f /∂z) j is Hurtwitz. Moreover, the asymptotic stability of the system is proved if the LMI (20) is feasible. Then, the matrix Q can be calculated and the Lyapunov function is W (z) =ż T Q(z)ż. Finally, we invoke LaSalle's principle [12] . Therefore,Ẇ (0) is zero ifż = 0 and it implies z = 0 from (15).
V. COMPUTATIONAL RESULTS
The MT-HVDC grid shown in Fig. 4 is used to corroborate the analysis presented in the sections above. The cable model is represented with three edges for the series impedance in order to take into account the frequency dependence. Two offshore wind farms and two inland stations were considered. The reference voltages are 1.0 pu. The cable distances as well as the generated and consumed powers are described in Fig. 4 . The system is represented in per unit with a P base = 400 MW, V base(dc) = 400 kV. Additionally, the parameters of the network and the MMCs are described in the appendix. For this case, the results of applying Proposition 1 are as follows:
The successive approximations method was evaluated in this system by executing only four iterations. Results are shown in Fig. 5 where convergence is evident with a logarithmic scale at the y−axis. The voltage of the power nodes is V P = (V 1 , V 2 , V 4 ) T = (1.0014, 1.00010, 0.9998) pu and V V = 1.0000 pu.
In order to study the stability of the MT-HVDC network, we apply the analysis described in Section IV, with the evaluation of (∂f /∂z) j at 2 |P| = 6 points of the ball with radius δ a = δ. The points are located at the intersections between the axes and the ball as defined above. First, the eigenvalues of (∂f /∂z) j have negative real part. The LMI of (20) is evaluated with Fig. 5 . Convergence of the successive approximations method applied to the MT-HVDC grid from an initial point V P = (1.00, 1.00, 1.00) T . a simple procedure in existing software in MATLAB [28] , [29] . Once, the LMI problem is proved to be feasible, the matrix Q is obtained and Ψ is presented for z = 0. Figs. 6 and 7 show the matrices values and distribution by a color map representation. It is observed from the color-map that the matrices Q and Ψ are symmetric. All the eigenvalues of Q are greater than zero and all the eigenvalues of Ψ are real and lower than zero. The eigenvalues of Q and Ψ are λ Q , λ Ψ ∈ R (|B||E|+2|P|)×(|B||E|+2|P|) , respectively. Therefore, for the operating point presented in the results above: λ Q = 10 −4 × (5, 7, 10 The time response results for the four nodes MT-HVDC network are shown in Fig. 8 with a set of events. The simulation uses the dynamic model of the MMC. The coordination is presented in Table I , the system starts from the black-start condition of the grid uses the closing of the cables at the following instants: initially the cable 1-3 and cable 1-2 are connected (I). The cable 3-2 is connected at 5.3 s (III), the next cable to be connected is line 2-4 at 6.5 s (V), finally the cable 3-4 is connected at 7 s (VI). The power references for the converters are activated at 4.5 s for converter at node 1 (II), at 5.5 s for the converter at node 2 (IV) and finally at 7.7 for the converter at node 4 (VII). Table I .
VI. CONCLUSION
The contribution of the paper folds in four parts, first a generalized model of the MT-HVDC has been described by the use of graph theory and the application of multiple edges to describe the frequency dependence of the cable model and a simplified MMC model to retain the significant features of real HVDC systems. Therefore, the convergence of the nonlinear algebraic system of a MT-HVDC that describes the operating point and defines the existence of this point has been studied. Moreover, conditions for the existence of the solution of the model of the MT-HVDC have been listed in this paper. The third part of the contribution of the paper is the application of the Krasovskii's method to obtain a Lyapunov function and we list conditions for the stability of the system with an approximated model for the converters as is typically used. Finally, the simulation results performed using full detail converter and cable models present the behaviour of the power flow and transient in a standard network confirming the theoretical results.
APPENDIX A MODEL OF THE MODULAR MULTILEVEL CONVERTER
USED WITH THE MT-HVDC SIMULATIONS Figure 9 shows the MMC converter, the components of each arm (orangle rectangle) and leg (green rectangle). Initially, the n submodule dynamic equivalents depicted in Fig. 9 are aggregated into an equivalent circuit per arm. The equivalent capacitor is defined as C eq = C i /n, where the current flowing into the equivalent capacitor is represented by the Hadamard product defined with •:
where, v eq = (v eq ,ua , v eq ,ub , v eq ,uc , v eq ,la , v eq ,lb , v eq ,lc ) T , v eq ∈ R 6×1 is the equivalent vector of aggregated submodule capacitor voltage at each phase, i = (i ua , i ub , i uc , i la , i lb , i lc ) T is the arm current per phase, the subindices are used for the {u, l} upper and lower arms, respectively and the sub- 
where, L a and R a are the arm inductance and resistor, respectively. The dc voltage is v dc and the output voltage is v. The dynamics of the lower arm are described by the equation (22),
with the addition and subtraction of the upper and lower currents, a new set of differential equations is obtained to represent the dynamics of the converter. This new set of differential equations facilitates the implementation of the control strategy. First, the currents defined in (23) .
where, i g = (i ga , i gb , i gc ) T is the current flowing into the grid at each phase as depicted in Fig 9. The addition of the upper and lower currents produces a circulating current (defined as i Σ = (i Σ,a , i Σ,b , i Σ,c ) T ) (24) .
Following the procedure above for the voltages, the difference of lower and upper voltages produces a voltage driving the grid current (e = (e a , e b , e c ) T ), the variable in terms of upper and lower voltages is described in (25) .
The voltage u Σ = (u Σ,a , u Σ,b , u Σ,c ) T that drives the circulating current is shown in (26) .
Therefore, the differential equations that model the system per phase are (27) and (28) . The direct and quadrature axes representation of the grid currents are obtained applying the Park transform to the set (27) (See the Park's transformation in [17] ). The system is represented in vector form as (29) with the current grid vector i T gdq = (i gd , i gq ), the voltage vector v T dq = (v d , v q ), the voltage e T dq = (e d , e q ) and the angular frequency is ω.
where, J ω is a skew-symmetric matrix defined as
The circulating currents on the direct and quadrature axes can be obtained applying the Park transform to a system rotating at −2ω. The vector form of the circulating current for d and q is i T Σdq = (i Σd , i Σq ) in (30) and the zero sequence circulating current is i Σz in (31) . The vector form of the circulating voltage is u T Σdq = (u Σd , u Σq ) and the zero sequence component is u Σz .
A. Currents Control Strategy: The control of the MMC is realized by the application of PI controllers to the currents at the grid side, the application of the circulating current suppression control and the zero sequence circulating current control are implemented with PI, too. Without loss of generality a first order current system modeled as (32) has a general controller, which is described by (33) and (34).
where, i is the current variable to be controlled, φ is the controller state variable, u is the control variable, d is the disturbance of the system, l and r are the general variables for the resistor and inductance, respectively. The controller proportional gain is k p and the integral gain is k i . B. Zero Sequence Energy Model and Control: It has been shown in [17] that with the appropriate control of the zero 3 sequence energy of the MMC the system balances the power between the AC grid and the DC grid. Moreover, the variable responsible for the DC power side is i Σz . Therefore, this paper uses the control of the zero sequence energy w Σz model (35). 
where, w ref ,Σz is the reference zero sequence energy, φ w is the state of the corresponding controller, P d is defined as the disturbance of the system (35) and it is P d = (e d i gd + e q i gq )/2. The controller gains are the proportional and the integral k w p and k w i , respectively.
APPENDIX B PARAMETERS OF THE GRID
A. Parameters of the DC Cable: The cable model in the network is based on [30] , the parameters are listed in Table II . The parameters R j i and L j i define the cable resistance and inductance at the j−th branch, G l and C l are the conductance and capacitance in the cable, respectively.
B. Parameters for the MMC Converter: The parameters of the converters are based on the CIGRE guide [31] . The rated power for each converter is 400 MVA, the system uses as base voltage 220 kV, the DC base voltage is 400 kV. the parameters are listed in Table III . The converter transformer is simulated with L f and R f as shown in Fig. 9 . The inductance of the transformer is L f = 0.18 pu, the resistance is R f = 0.6/100 pu. The controller parameters are calculated with the procedure presented in [15] with the pole placement technique. The parameter τ for the converter is calculated with the closed loop step response circulating current control. Hence, τ ≈ 1.2 ms.
